&85 Dﬁm«em
5.1 Idea of Derivative
Recall : (avernoe)  spead = és_e%ee.

distance.
)
T S‘bmiﬂlrvt line.
S=vt <« v:—_st-
S‘OFQ =V = S'Feed .
N time &)
Remavk :

Us‘w\g QliSPlacemevfb and Velocl'% Tf You know .

How about -His case 2

S
A 335&3
distance ~traveled distance ~traveled
<
f\’OW\ +t=0 to t=I frem +=3 to t=4
S-S (=KW-8@)) (S@-33))
St =s(0) 4 . ot U\'\la? The S|>eed = cl'\m\ﬂinﬂ.
I > 2 4

SFeec:l s d'lﬁzerevtb at diﬁ?erewb momert .

Hold on 2

What s the menv\‘mg of Speed at a ‘Fav’ha,.lav momerct  (nstarttaneous Stl:uezd) ?
We need a defintion 1



[nstartonesus SFe.e.cl at +=t,:

SA S :f(ﬂ

— KT:

l A = fc-(:.+st) —feto)

+
: >+
+ ‘it
\IO_VIa swall
Px\le\mﬁe sPeed between +. and +.+st
_ Chanoe _in distoince _as Fetot st -Fko) . sl Q
d\a;',\ﬁe, in time at st °Pe of
u [dea : Lebt 2t becomes swmaller and smallev !
[nstartanesus sFeed at t=t, = d<Fmed +o be A&_“—/; . ':R-&"*‘s:}t"%)
(‘Fvov’ided H edaste .tf so ., it s dencted bta -f &ty )
2 =f) L 3 =P
' as st—eo /(
| — ,
| =
1 : :
! ! ;
\ %.t ! \/t

‘lt‘. . +xC +.

Note : When st50 , L becomes the -Eav\jevré e at t=t , So
S[UFQ_ c]e +he 'Eanﬁmt e at t=t. = jf @



Exo.mFle S.1.1
lf S=f('(:) ="€', fimd -fiz) Cinstantaneous SFeﬁd akt =2 ).

‘ . :f('z-e st) - ‘f(:.)
’f('l) lll:vgo st

o (aaty =2

->0

. 2oak 4t
lvgo Pay ol

l’tﬂol-).-l-xt =22 =4

IV\ 3enera| ,We have \a=f(vo . ’ﬁ‘x Ao .
Then ‘f'('x.) means  vate ¢f cl«anae cs:)a 4 wrth ves?ecb +to x at A=A

-.befin\ﬁon S5.1.1

$oo ts said £o be dfferenticble at xsx ifmlg\b_'ﬁb%f&)_ exists .
K is called the devivative off&)a:(:1=n and rbisdevu&edbaf('-x.)

Note : 'Ba de‘ﬁnr('jcn, |f f(i.) is NoT nell-dﬁ!r\ed , then f&.) is NST weu-deﬁwsﬂ.

et ax=x-%, i€. K =notrx
When ax tends +o o, % tends to x..
T\ne.refwe , we have ancther 'fbwr\mla":'lon :
i ; xo ¢ 60~ whs.
$e0 15 said o be differentiable at xsxo # lim _fogg exists

AH%o -Xo

FPerfom +the -r\revious s-(:eF at every Poivttz
4
\/‘Eangevd: live at (x ,-fc:o)

(¢, F60)
fﬁ SIO’IDe, e w _!ﬁ'(;ﬁzzt_'—h

li
¥ XSO

I

?l L - -
!

?t(



Recall : What is a :fvmcﬁon 2

'Roujkl‘a sFeakiv\j, Snvev\ an ‘mrvrl: %, reban a value .
Now. we consbruct a new f\w\cﬂon , f'(x) =K!'Eg\° "'AZ';' X) C'lf exists)

(e j«ve.n an inwE'x, return  -the slon of +he 'Eanjevvt line at (-x,f(:o). )

Exa.mrle. S

lf f('aorf' , fivv:l '_f’(x)
fI(x) = lim Foetrao foo

AX=>0 A

lim (7t.+.svc3L -x

- Py S 1) iy &
a
= i 2Xox X
AX->0 aX

lim A+ = 22X
LAX>0

TRelection  between the 3m[>ks of -fco=x"' and f'eo;lx :

4 G
T f(x) = l 'f/(vo =%
= SioFe =fl(x.) = Ao fl(h)
(xo.-f(x‘b) T
7 >3 >
Ao Ao

Netations :

16=fco--£‘

ﬁ% - %;4 = feo =2

= :f's) «2@) =6
L=

If frA—"lR is o.fw\c(ﬁov\ that s d‘ﬁemwhiable at everg_',:oiv\'(: mn A,
then ftt) s said o be a d‘ﬁemd:iaue fmchov\.




Theorem 5.1.1
l:f f&.hk,wkere k is a constant , then j’eo=o.

'y
F Note : ‘bomgevfb line at xA40) is horizonrtal

o o0 =0
d e
]
T
]
- >+
X
Concrete. c«:meEa:(:ion :
[imn Fera —Feo = lim k-k
AX>0 far & AXSO A%
e O
B Aalnlro o
= liW\ (o]
AX~>0O
=0
Exercise 5.1.1
Find fl('x) 'lf
@ $e0 =x Ans : f'eoﬂ
by Feo =L Feo =22

Theorem 5.1.2

B foo=x , where r is a real number  then $60 = ra" whenever it s defined.
(Thinks 1§ vt , $60-0K which is defined when x30.)
ot
We only prove the case Foo=x" . where n is a natual number.
lim Joeoo-fo | |jn Gurod- "

Ax->0 &S Ax>0 aC

=t n=2 %
. lim X + OO s 4+ Casd) -
AX>0 Pa> &

- lim n-t =2 .. N W=t
s CC '+ gx A+ -+ Cax
et terws with powers "f ax

= NC




52 Dfferentiabitty and Continuity

“Theorem 5.2.1

'Fvoof : B‘é asswnlstion , Aim f‘“*“;’(_“?"@ exists

Also, we know [im ax=o0
Ax->o
Ax!i_':\b’)e(n+wc) -few - AJELVL '32(""""’:3(_"?("“’) N
both exist
P (
= lim j(-xo-(-Ax) —‘F@Q ‘im o%
Ax—>v Y, & Ax>o

=f'(x.)-o =0

hm "f(xﬁmosf('u) . So 'féx) 1 continuous  at =Ko -

Ax—>»o

However , the cowverse s NST  vue.

EWFle 529.1
Lt $eo { g e
&) =

5 Feo is diﬁermﬁab(e akt x=x.,then feo i3 conbivumous  at w=,.

N

(£ weans we ave looking at
Small st V\eaa-hve. ax )

N ‘F((+A1)-‘F0)
lum = = #

Pav 22X

feao s NST dsze«zvﬁa.\ole_ at x=1.

Pay £ Pay € XY

N -F( (a0 -Fn) N [((-mx)I-\] -I= DAL+ &
A(;TJ ax = Lls.‘,_“_’,‘; A% = i&fme‘ &
(£ weans we are (ook‘mg at
Swall ot —ros“rhve AX)
N 'F(H&O-‘FC!) N Ci—C+as0] L= - A%
AlL"‘_’.,‘o— % = Al.‘r_’,‘o— AX = il"c'fm- ax = |

fon FCro0-F0 o [, Feo0-RO  does NS ewist !
S liv & A



Exercise  5.2.1

2) Show +that fcvo is cortinuous  at x=t(, ie. iglefwnf(().
('n\erejwe,-ﬁr\e corverse. statemertt of HYeorem 52.1 is NST -bue . )
b) Write down j?'oo jew- <# 1.

Anser : 2% .f x> 1

:féz)= wdeﬁwed nf x= 1

53 Elemew‘:ana Rules c!f 'D‘fferewtia(:ion

Theorem §3.1

§ feo and goo are differerticble functions , then

1 <-_§+3)'<ao - £60+ gl

2 <-_f-3>’<ao - $60 - glo

2) [product re] (f-s)'(ao=f'eoseo+jlm3’w

4) Lquetient. e (ié—)'cx) .3 603"%;%’5’"3“ § gwgo
pof o -

[ina - Q) Gt+ax) - (F-q)6)
x>0 =

- lim f('x+¢x)g(x+ax) - foogeo

Ax>o SX

o lim  Fored geutesd - foo gartand + foo gatesd - Foogeo

JER A
- &|'l.§o AZx 3(1*'&01_"' fm +AX&<- t 8@0 [ d‘nﬁeven‘aable
- f’(-,oﬁm ...feoﬁ’eo = 8(70 I8 continuons
= ALiLv_g = 3(1+ o) = 360
Direct cu\se%encer

Theocrem 5.2.2
f k is a constart and fe) s a cliﬁerw\‘balsle -jmd:‘nevx,-ﬂ'\en <l<-f)'eo=l<fé>o.
o<t

US'MS e -chlmch e and theovem 5.1.1
k$Ye0 =£<3fm + kfiu) = kfeo
o




EmwF\e 53.1
Find ,ﬁli(af#%z—z)

EEI+EF)-F @

& 3T

3EE+TE - @

LX) +FD - o
= bx+F

Em.thle. 532
Find % R-5x+ )=+

ﬁl;_ [R-5x+ )COx+P]
- [ G2-5x4 0] (224D + Gt -5ur 1) [t H]

(6x=-8)Ex+F) + Gl=Sx+ O(2)

18+ —33

n

—rvva o c::mrave_ : Ex}ban& GEL-5x+DCx+F) ond 6c(: (:'x3+ll'=:'-'§’>x+:|-
Then Ql«‘rﬁeevewha(-z , ge't the Same vesuk ?

Em\th‘e 533
Find “the devivative of

2%
<+

[ad;_(l"’c)] GE+1) = (%) [ad;(il+ )

d 2
S = ——— =0
o 268D = 2%x @)
GCer)
- o042
(S ))
Em\thle 534

Find the derivative ﬁ +
S+ =) = et




54 Hijl«er Derivatives

S&) : distance. fwxchions CdeFey& on time €£)

Cinstartaneous ) S[:a?.d

<)

rake. ?f clﬁavﬁe cf distance travelled  wirth respect 4o +.

£ (sl a function of £)

Question : What is %‘é?

Prswer :  Acceleration d

= yte ufclnav\je cfs,md with vespect o .

L\)e NV’I'&. a&)::%:%_

EmwF(e 54|
S = £ vea=§j§b=z-b o) S . Lo
S . \V; Qa
N St )\ Ny n
o a=22
Slepe s ==t stopr=2>o
increcsiv%
>+ >4, >+
S’Fegd is ?V\cr‘eas?mg_
le. accekexarb‘w%
Neotations :

[n 3evxem|,|e(: qa=f(x)
We have « Clst donatve) 5% - S . 510

Cird dovatve)  S2 - I . g

Cnoth deriuatve) 5%+ $E < £




5.5 "Devivatives of —rﬁsonome:tﬁc. Functions

'szFamEiov\s :

.2
lim L=cosx . [im ;&Aﬁ) Note: cosx =1-2sn(Z)
X>o % x>0 X
. 2
= lim L Sm_(%_ -cos = 2sin (F)
=
Ao _T)
= L
2
lim A=eosx _ [y A-cosx o
x>o x A>o =<
I
Ao & A>0
= H& o)
=0
liny CoSCrtaxd —cosx  _ [jpn SOSHCOSAX - Sx SInA®.- Cos
Ax0 ax ax=>o X
=lim  aogo CoSOX-L _ o Shax
AXDo B Pav & Sinx .y &
= -Sinx CofimCesax=l _ 5 gnd— fim —Siasc
fas & 1) a0 &x>o AX

jd_z CoS % = -Sint

Exercise 5.5.1

Show that %S’mx:«msx Ea usinj method Similar to the above .

_ Sinx |

tan x = CosS X Secx. CoS %
Sin X _(".‘)‘_ |

éd-f-t“"""JﬁZczusx' = Con

Exercise 5.5.2

Show that

Q) ﬁ; Secx = Secx tan=x

b ad_z escH = -csex cotw

Q) gd_; cotx = -—escx

CSC X =

sSin X

)



56 Devivative of e

k3

. .4 + X -+ -
g ei g ¢ X i X t )
(| 2! 3! o
X X
= 0+(+X+'—! +'_3! -+ .-

e ( 82*‘“'\8 back: H‘se‘f)

Geometvical menmir% :

Emr\e 56.1
Fird g [ F-2)]

&[e"(‘sxh Fw-2)] = [f; ] (ECATFx-2) + e L’&(%x‘-e F-2)]

e (3 +Jx-2)+ € (Lx+3F)

(Rt + B+ 5)

Question : How do we dﬁermhotbe. o more cowﬁica&gd f\mc(:\ov\ ,Such as dxcezx
We need a ool called chain rule .

53 Chain Rule

Theorem 53.1

5 $:BR->R ad 3=A—»1R are dﬁumﬁaue Fanctiors  sudh Hhak 3<A>s's,

then the compesite Fmction o AR defined by Geqed - Riged 15 tferentickle ard
(§ogqd60 = Flqen geo-



Hard +o understand ? Let's refcmula-ba t as :
Let u=36:.), ca--fwef(ﬂeo) . then

the chain vule SMF“& weans Sﬁ'=%%'%%
Think : % - 24 o

AL an  ax

EWF‘Q 53.1

Find the derivabive of dxd=3c .

let w-= ﬂm:'i‘ﬂm , %& = 2xt3
g=for- I 3 -k

—then -f (3(1)) - ot
. dy dy du
Bna_-Hnechank., R
|
s m ‘(27('\-3)

|

- Rx+3) 'tht nu= T+3x back

P proorcey x

ate £ Fgen g
—“hen PeE back e

Emwlﬂe 532

2016

Find -dre devivative of R )

d
let w= ﬁ@c): 2 -2 a% = bx-2
Y- -f(u) Y et %‘3— = 206

2016

~hen -f(i\cx» - B2
By uin vl . g8 - g8

dx dw dx
= 2016 (bx-2)

= 2016(%38'-230”‘5- (bx-2) 'tht nu=3-2x back
= 4o2) czae-bo““- Rx-1)

glojam : diﬁexe&l'la'('e [aaer 53 [auae,v- .

Exercise 53%.1
Show that - €. ae’™



Exercise 5.3.2

Find the derivative of (J—jl

o+l

Q) Bg u\s'mj the chain vule

b) 58 thnﬁ (7;‘4)1-—(%}05 and U\s'mj“ﬁne i&dﬁewt rule .
Answer : Both eiual +o (%“-)g .

Em.mF\e 533

Find the derivative of P

[st lnﬂe\r 9= " W = el
nd lo:)ar w=dt e x|
I la&er U=+

dy dy dw du
d% dw du dx

Emnlﬂe 533

“Revlsl't of iwsﬁewb vule :

('%)’(x) = i—_(é—ﬁ;) = j‘;_(fm [3@0]-()

- tgeal + Foo g Tl
e Apply the chain rule.
- St + oo [ rqer™ -}

o aeo -Peogko
~ J 2 VY
Egc:o]




5.8 lM‘Flic‘r‘; Differerctiation

ExmnFle 5.8.1

x’-«-na‘- 2 —C

Locus c]Q € is o circe cewtered ot (0.0) with radius 2 .
Check: (1.1 is a 'Fbivx"(‘. |ain3 on the drcle.

y We wart o jeivd “the eafua'b’-on o)e

the ‘Ennje.wt line 2
(i2. need 4o know ~the SIOPQ cf 2.

Nc‘l‘e : ’l.:-l-ta?'e). is NOT Q tnction .
Question : How o Sind 33 2 (and ,actualha, s deﬁv\ed?)

Puswer : Yes |, nwj\r\la sFealmv\S .

T = 360
O -

The swall segment cf T cOv\'l'a.Ivﬁvj (L) can be Y'eja.rded as -the jrar\a
of Some f\mc(ﬁov\ |a=aeo (ln -fac(:. . amj 2-%¢  in _this case . )

How -+ j?lv\ql 2 Dot as tsual ?

_L>.+ 8‘ =
d‘lﬁarewha-l-e both sides  with \resFec& ‘o = .
o+ §‘i '61 =0
2%+ ’2.8 i o CAFFlaMS chain rule )
dy

x
g
98 . when g = (L)

dx

. d N
We denste 1t \ota ﬁ|(x,a)=0,l) = -]



fReIMaYk :
d . .
g_%: is defmed at a Fowd: cf a cunve onla Tf a small ave Cowbamwﬂ the 'Foivrb can e

r%avded as the jmrl« cf Some. -f\mcbiov\ 3:3@0.
. %?: s NoT dzﬁved when (x.ca) =(xl3.0).

(Js' o)

N

No matter how small Hhe arc is.
tt cannct be vealzed as 8\(0.?'/\ cf Some. 'fbvﬂ'(‘:’ion %\’3"‘"

Exam':le 582 21 B4y —3azy=0
3 3

’X.-t-a-gaua:O — C 151
B4t -3y Y = O |

ﬂﬁ_:—a—::zi > A=(l/°l|)

(a "2 45 ‘1 05 |o o5 1 15 2

05
l'f we wanrt o fiv\d +the s\cFe. »

of ~the -(:anjevr(: line at B .

"Fuf&ivﬂ A=l wte T .

83-334- l=0
t&ND’l’ easa 4o sohe ?

FACT : TThe dbove eclua'b“uon has Hiee voots , tuwo voots o .oy are positive (o <oly)

one voot is heja‘lﬂve.
A=(,o,) and what we need 18 g&|

(1.3) =C, o)




‘Dﬁe\'@d‘idﬁm of Lojaﬂ'ﬂnmic Function

Let 3= > , x>0 . Thea S x 3
chﬂ?eyewha-l-e both sides  with resFecE +to < .

Exercise 5.8.1

. w d (
'Bgrewﬁ'bvsj loaaxall“—z, show that a;losqx ==

Exawple 5.8.4

Let y=inbd . xfo . Find F¢ .

We can rewrte flax #® x50
{ln(-x.) i x<o

For x>0, we have ]vs(: shown that —j&-—'{
For x<o , Y = ln -0

ed . x

e‘ag% -1

du -
=

[

N

n

A

v

|

Note: H is w\r\é S—'{dz. =lnlxl+C .



Exaw\Fle. 585

Let 8=Sivclx, sin' i [-1, 11 —[-&
Chﬁerewha:(‘e both sides  with resFecE ‘o = .

’Dﬂfe\'mhft'«on oj? [nverse —rviaonomel'ﬁc Functions

2Z1. Then ,Sint6=>t_ .

dg
3& B Cosy Slv\a =% _%<35%—
g?i'= L cos :tJl Sm
- 3°
= dl-x* or =dl-x*
I
ad;Sm x = r—-— (re\.)ecteel ,—%sasg‘ = cCos «620)

Let 3=COS-IX, cos ' :[-1,11—lo, 1] . Then , N
dlﬁerewha-(-e both sides  wirth resrec(: 4o = .

~-Sin 8 3&

gﬂ' = s:lma Cos«a =% OSYsT
S:E- = — Sin :I:J
< 9~
= dl-x* or —Jl-x‘
$cos'x - =L (rejected , 0SYST » Siny>0)
Exercise. 5.8.1
Let ¢a=tm:'x, tan R—(-E %),
. d d -
Find 3-3_- : Ans - a‘(’.an"x: l-:x‘
Exam 586
"‘Z :
= ei_l x—?_ 'H/\EV\ ivxd ga—
bnﬁm& +o drﬁ’erewha-h. b-a usma chain rde  and cruc‘hevd: vule .
3 -2
‘6 - -4
|V\ 83 = IV\M'_Z)_

S\vna = |vx(x—() +2In6-2) - lnx-4)

_ 2 |
_a?i.' - x-( *32 T X% ( Implicrt icctton )
4 g P
dy _ i 2 1 3£ -0)(e-2) (Lt 2 {
= - %(x-( a2 x-4-) Y = ;,__:.z (x-l 2 x—q-)




Example 5.8.3
let y- € dE  Find $&

G2+ D

- L y
& e

(ma = 5%+ é 1) - 4 ln(zxC+1)

Ex:
5x 3
_ e x| e A+
Ans gg. = [S * 3 1 G2t
Exaw\Fle 588

Let '3=x" ., x>0 . Find gg_— .
Note : The Power is NST a constart, we cannst use -the -fomular él{'ln=7\'£‘-'

Y=

IY\ 8 = lnxx=xlnx

diﬁerewha{-e both sides wirth resrecf: +to = .
L8 (L
5= <

= IV\7<.+I

gﬁ- =(lV\1.+l)la

= (e +1)x™

Exam];le 589

2

Su]:?ose o 83-3116 =0 ., flhd j_g_“ and d_gé' .

0

=>4 83 - Bzca = 0O
B3y - 38'3"%% -0
dy . _4-<
Hg_ (a’—x
diﬁerewha{-e both sides with reSFecE ‘o = asain.

dg , 2 a d
Eﬁ'('a"‘) - (3—1)(233-3-—!)

dy .
. (=)

Sub. %ﬁﬂ—%% back -to express %"% in_tevms cf =« _and %4 onlta, f You warrt .

N islrf(:mave 2



59 More on ’Dlﬁevmbialoil‘r&a

Lot
-
-
-
.
-

EXAMFle 59.|
Lek j?eg)g < .
.. /%-’.
(@) f *x=0 | el ‘6‘-‘» f 0
Does 'f’(o) exist ? / wa'fyﬂgr
ﬁw”"ﬁiﬁ 2
[im T*a0) -F@ _ [, LXcos o e Y=-x
Axso &% sx>o &
= [i 1
i, emess o
=0 Ba sandwich -theorem

|f x#o, fz-x) = dxeos =t + ¢ sin 3 )C=k)

- L in-L
= 2xcos ¢ + Sin=

f S a d‘jefav.vd:mlole. f\mcﬂon , le. d’ﬁe«mﬁa\:\z ot evevrﬂ ’Fo“m't.

Note : H s wvong +to say ffx)f).m'.osj—'c-tsim;‘c , So f'(o) does NOT exist .

, 2xcos = + Sin \f % #0
Now , f(-x) =

(o) f xX=0

Exercise :
Show  lim féx) does NOT exist
A~»o

(= -f’c—:o s NOT continuous at =0

4-§e

3 f i diﬁmwb‘.ab\e (‘.Sood" n_Some sense )
but ‘f’(x) can be Bad" .




ExawrFle 5492

Let j’-=1k —R be a non-constant J?wcam Such that

T 3”— s d:ﬁ?emuaue_ at some x.eR

iy feu.a) = feofup for all =y <R,

Show +hat :

a) f""*° j?o.— all xeR and fco):t .

R dﬁevewaaue at ey xeR and f’(x)-%% feo .

a) I-f -j’-(a)=o —fm—sw-e_ a e€R

-then -fav‘ awa_ xeR , we have

feo = f(x—o.-t-a) -f(-x- a.)f(a) =0

ie. j‘?eo is constart zero (Contradict 4o -the aSSuw\FBovx)

f(x)#o VxR .

'-Pud'kivxs x-.-a:o,

f(o«-o) = o)f(o)
o = [-)Qm)]z

’f@)=l or O (\’Ejecﬁed)

b) f 1 d:ﬁ?wvaaue at o
= o = I|w\ m

&x50 &

= lim ES%)E(A‘I) -f(ﬁ(-)

iy 21 ax
1 o L2 R (=) -
-.Ago%Lr;a ¢ Fe go)

Now ,  liw ;fﬂ;%_-fsﬂ_

AxX->0

< lm _F60 feso -fe0

Ox—o AX

=f(x) . liM M
AA=>0

o

= -?% feo

:f is d’ﬁevewb‘«aue at elma zeR and :f’(z)--%") f(vo.
Un -fac(: , feo = ekx for Some nhon-zevo constart k .)



Exercise 5.9.1

—J_et._jr;bLa_d:ﬁemmbable_fmcbm Steh  that

&x-v0 &L

b) Hence, show that Lo «fioy+ 2
J J

. 3
(lu%ncﬁ —feorf(o)i-c-x )




